


utbod u anlfed t o  the calculation of incoqms- 
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to  in merit eethods as "vetg3t I ag functhme") in that any elesant (e.$. 

the u s d  solutioa) may be expressed as a linear combination of the coordi- 

nate cnctom. 

tam i r  lunrtimee how .I) the "order of approzhation", aad is squf to the 

8ub.t of parameterr which aay be detere*.::ed froa use of the =Rent uiethoc. 

Tbe dlmauioa ot' the subspace chosea to r e p r e s a t h e  soh- 

.I 

'Lh. v u i o w  -t metbod. ured for rolviag the boundary layer ecpa:io=s 

basically differ only la the chcice of these ccrordinatevectors and the 

form asmmtd for the rpprox4mte .olu'rion. Tbc success of any aoaent oethod, 

cbcll, depends on how w e l l  ch-e ct;olcas can represent the actual solution6 

Several constructive theoreas demcwtrariag exactaess ane convergence of 

general -t ;pethods applied to lwrrltneu equations have been given by 

Fetryuhyn (1967) 
e 

th. calculation of i a c ~ p r e m i b l e  :aminrr boundary layers by DoroOnitsya 

Bolt (1966) 'Lb. dequecy of ~ ~ a e n t  aethods as app:fed t o  laainar flows 

hu b e e  d-tratad by these studies. 

Delvert and Abbott (1967) used a ncmec: iaerhod with a three paraerer 

velocity gradient profi le  together with enp ir i cd  shear integrals, represeutfsg 

the turbulent transportoechanisn, to solve the incompressible turbulenr 

boundary layer equations. 

datemined from relected set0 of date, they were able to predict the flow 

Through the use of empirical shear integrals 

quantirles for thoea particular aats of dat4, thu8 demanrtratiag the adequacy 

of the merit method applied in turbuleat bouudary layer flow&. 
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In t h e  prersent investtgirtitw, the results obta imd using two,  three, 

and four parameter velocity proi i les  were canpared w1:n f l a t  p l a t e  data. 

It vas found that the accuracy hproved with i n c r e z s i q  order of approxima- 

tion. B a s e d  on these f l a t  p la te  studies,  it vas f e l t  thar a four p a r a e t e r  

velocity prof i le  provided suf f ic ien t  accuracy, and that  higher p a r a e t e r  

pzofiles would require excessive cmputing tine. 

in this study enployed the four parmeter prof i le .  

general proccdure fo r  predicting the  behavior of the turbulent boundary 

hyer vith arbi t rary free etream velocity variation, a eddy vfscosity 

rdclvas  aployed for the  numerical evaluation of the shear inzegrals. A 

coaputing program was generated ia tus Investigation and has been writ ten 

60 t ha t  my model of the turbulent transport ztechacisn nay be easily incorpcr- 

ated. 

uf six:een t u r l d e n t  flows. 

All of the results obtaiced 

In  order t o  Irovide a 

The remits of this prograut >e coapaxed with che experi=entiil data 

These f l a r s  are listed in tabre 1. 



c, (SI coefficients i n  rtpproxhate velocity gradient profile 
representation 

fi(Q) ,gi(G) weighting functions employed in equations (5) ani (6) 

dissipation integrals d e f i t d  in equation (10) 

P,Q,R sponents defined ia equatzoxi (8) 

8 transforsed streamvise coordinate 

h O/U, 

a eqoaeut  defined in equatioa (10) 

A eigenvalue of linearized version of equation (10) 

error w a d e s  defined in equations (3a) and (4a) 5' Q2 

Q reciprocal normallzed velocity gradient sy/aG 

Super scr i p  a 
% 

0 

deaotes approxluate functional representation 
s 9 b SG 18 p+. 

denQtes quantities at init ial  station 

m e  uniform symbols suggested by Kline et  al have been employed wherever 

possible. 

for in the uaifom -01 tabulatton. 

This table defines only those sypbolo which are not provided 
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Zs lLYS T 3 

The analysis given below a:: ters in concept aqd prcceL.;re fro3 those 

previously published. 

U h i L  more coaplex mathematically, provide5 a clearer ur,ds:standlng of 

the operations emplcyed, than do previous derivzticcs. 

It is the authors' belief that che presenc snalysis,  

The boundary layer emations for rvo-diaensional iccozqressible turbulect 

flow are written in Boussinesq fom as: 

- 
The terns 32. and 2UX have been considered negligible in comparison 

ar a T  

the Crocco transfornation X-S(X) 

and setting 4 = 

y r O(x,y) 

I/* . 
aY'  

we obtain from (I) and (2): 
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As this p o i n t  w e  have two partial  CIffeienti.11 ecyat5ons in tho tso  unknm-s:; 

V and a .  
independect variables, (f.e. C> assmes values in the ffni:e i n t e r v d  C , 1  . 

We now tmploy Kantorovich's t e c h i q u e  co reduce the p z r t i a l  i i f f c r e c t i z l  

These equations d i f fer  frm (1) zntl (2) in thac now one o f  the 

equations to ordinary d i f  f erenr ia l  equationF by approxi;caticg t k e  3 d e p e z 2 x . z  

of the un'ano-as V aild 0 .  

Gaferkin procedure (see Gntorovick an2 KryPov (19641 and X i k i i l h  a d  

Srzolitskiy (1967)). In this proceckrs, it is assw,ed tha: tkie rucctional 

Xi i s  approxiiacion is accmpl i shcd  by t h e  general::& 

dependence on S of t h e  unknowns V and 8 can be rzpresentsci by p r t i s l  s m s  

respectiveiy . 
The significance of the t ransfoms m p l o y e d  to o j t a i n  ecuatisns (3) 

and ( I )  now 

i t  is char  

represent B 

becoszs evideat . 
that  tk ie  chosen form of and w can be zade t o  res?ectively 

and d as accurately as one desires on t h e  closed interval 

Fron tk?e Keiarstrass a;?roskatioz tkeorea, 

"I 

@,1 . 
0. % 

If  w e  now subst i tute  the approsinate values of 8 and V, i . e . ,  c and V, 

i c t o  equations (3) and ( 4 )  we obtain: 

h 
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where u and u 

representa t ions  of (I and V 

u 

v e c t o r s  denoted by "f," and * 'ga l ' ,  respec t ive ly .  

d i f f e r  from zerli by vir tu? of the f s c t  t h a t  approxinnte 1 2 

been intrsduced. We LOW r equf re  t h e  e r c o r s  

and u2 t o  be orthogonal t o  LWO l i n e a r l y  independent sets of coordtnscs 1 

The form af fi and 
A A 

gd are given by: 

where B and D ara a r b i t r a r y  l i n e a  opel'ators (c.f. Kikhl in  

3 

and S z o l i t s k i y  

(1967)). Xnvoking t h e  i n f i n i t e  diinensional form of t h e  inne r  prcduct t o  

impose the or thogonal i ty  condi t ion  over t h e  donain 0 2 0 2 1, w e  o5tLin: 

The inner product employed is a b i - l i nea r  ope ra to r  so t h a t  (5) arid (6) 

may be  added and, upon car ry ing  o u t  t h e  i ad ica t ed  opera t ions  and r e q u i r i c g  

where primes denote d i f f e r e n t i a t i o n  wi th  respect t o  G. 
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The choice of $(Ci) is  not ilrbitrary, but, rather, i s  restricted to 

functions sacisfying the boundary conditions @ 6 = 0 and G = 1. One su'ch 8 is 
that which.has been enp1oyP-d i n  laminar boundary layer studies: 

The r'om of the  assumed VelOeity gradient profile,' 3, employed i n  the present 

study is: 

where P,Q, and R are exponents assumed to be azbitrary for the aorcent. 

- The fi(6);-chosen i n  the present srudy are: ' 
- .  

i = 1,2,3,4. 

Substitution of (8a) and (9) into equation (7) a d  integration of the G 

dependence yields a system of 4 ordhary non-linear differential equations 

i n  the four uknowns C (6). These equations may be written in matrix fora as: 
j 

.. 

where 

J 4:. 

5";. i( 

. 

i 

-l 

i 
I 

rlO) I) 

i 

I 
3 
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The "dot" denotes diiferenl lation wLth respect to  "s". It should 

be noted tha t  INTI - 0 and it c m  be s h w n  that  U T L  = f?,pu: 

where is the  dissipation integral. The ic tegra ls  XNT3 and are . 

m~~ents  of the Integrand of the dissipation integral .  

These are the equations programmed and solved in the  present study. 

. Once these equations are solved for the C all of the boundary layer 5' 
parameters of interest can be obtained by algebraic re la t ions or s h p l e  

yadratures. 

LIIScDS:XON OF W?%OD 

General 

%o general conclusions can be deduced from equarion (7)- F i r s t ,  i n  

application t o  the present formulation, I t  is clear that at arbitrary 

number of computing equations can be generated 6y choos5ng a suffjr 

of l inear ly  independent weighting functions. Therefore, solutions cr an 

IL n m h r  

arbi t rary amber of coefficie-ts equation i8) mc-: be obckned. Secam, and 

more generally, it can be seen that a whole f m i l y  of computationallpethods 

are embodied in equation (7). Tf for example, a l ~ r q e  nmber of square 
. .  

wave weighting functlbns were employed, and some variation d f  0 TdtL y were 

assu?ed over each increment, a f i n i t e  diffezence formulation could be obtained. 

h i s  correspondence between the generalized mment methods and f in i re  difference 

.. me.Lhod6 was recognized by Dorodnitsm (1963) and also pointed out by Kebdall 

and Bartlert (1967). Similarly %f a combined law of the wall and law of t h e  

wake were assumed for the  velocity p r o f i l e  and f,(a) - 1, fo.;: 0 2 Q 2 1, and 

f2((t) - 1 for 0 2 Q 1/2, a computing scheme similar t o  that employed by 
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IC wu forrprd, baesr.r, tht to represent the epe- of profiles reqPired 
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= reference. Figure 2a dtous a marism of the results obuined for the 

v u ,  Z 1, Q 5, E -  9 & tke P 1, Q 2 , R  3 vith 

2b t&t for the vdodty  profile Ohuipsd by Xeua im at r ta t ioa  

lou arder exponemta masf be employed, It i s  equally clesr that axme of 



Carpavisan of the results of the preseat tcethod witl, the isact S O Z U ~ ~ Q I ~ S  or' 

slrith ec al. (13'rS). - Such a capparism is sbovn i~ 2-e 3 for tk f lol; 

of Schubmer and mebaaoff (ID 21W) . It caa bi seen that -both calculation 

procedures yield esseutially she sariie results. 
. -  

The busk aaent aethd imposes 00 restrictuiins on the &ice of &cis 

riScosity nor does I t  r-e the expUcit forpu~tion of an d d y  viscosi& 

d e l .  . l h f s  latter point i s  dLscussed in che foilowing section. 

c 

In am effort-to 

the shpler integral 

mike the present aethod amparable ia 

aethods an attempt uas made t o  reduce the ccmputatbn 

streamvhe integration: Tbfs can be accomplished by 

eltber reducing the nuuber of integration s t e p  required t o  traverse sme f i x e d  

distance or by reducing the t h e  required to take each step. ltro methods of 

integration for the numerical solutfan of equation (10) vera investigated and 

the time caas\aed by evhLa;ion 3f the dbssipatioa integrals was exaafned. 

The first integration procduic -zriploysd vas fourth order variable 

8tW 6 i t 8  Adam63Ioulton rredictor-correcnr h t w a t i o n  routiae. Secondly, 
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a modified-Euler Implicit method employing loca l  linearization of the 

derivat ives  vas used. 

irpliclt in f a r r tb  order Adaas-nYulton intlsgratidn is /Ab1 < 0.7, where h 

is the integration s teps ize  and A t he  largest eigenvalue of the locally 

linearbed syster. Xn order to  avoid a mmll integration stepsite vben 

Looax (1967) shows chat the s t a b i l i t y  r e q u i r a e n t  

- ' A - ~ z  parrritZc elgemrolues are present (c.f. *baax a d  Baily (1967)), the 

ImpUcit Mer integration roctine vas employed. 

rchare is s t ab le  €or all IAht but requires local linaarhatiao of the 

differentiol equatioas. 

error in the lhearizatioa is of course O(h ) sc zhat some l - W t a t i o n  of 

stepsire is pquired to retain sufficient accuracy. In order to control 

the emorB tbe simple upedient of pernfttfng a maximum lZ var ia t ion  in the 

This latter integrat ion 

3 The accuracy of the rethod is of O(h) 
2 

and the 

met rapidly varying C was employed. 

r d u c t i e a  in -chine tippe cmld  easily be obtained using the  implici t  

integration. 

of data for the two inwigration scherpes. 

It vas fou;i2 that a factor of two 3 

Table 1 ampares IBM 7094 computation time for  several sets 

The second item considered was the  r e d u c t h a  of time required for each 

step. It vas found that  roughly 70 percent of the time required f o r  each 

r t ep  was associatd with the  eva'luatim of the  dissipation integral and its 

mctaents, t h e  mi). Deiwert and Il;bott (1967) employed correlations 

of these integrals deduced from selected experZmental data; Truckenbrodt 

(1955), Goldberg (1966), Betta (1967), and #ash d Spalding (given by Rotra) 

have each proposed "unfversaln correlat ions fo r  the first of these integrals .  

iIawettet, it is t o  be noted that these correlatlons d i f f e r  subs tan t ia l ly  in 

both value and choice of correlation parameters. To employ this pracedure 
- 
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fn the present four par-ter b m n h t i o n  requires correlations af tte 

dittsipatiaa integral and its f irot  and second m~eat6 .  Since correlarions 

of the fitrt and recond mmeats are not available la the literarare, an 

tffort vas d e  to detenrine a p p a x h a t e  sorrelaticns of these quentities, 

the values of &e htegrals were cquted from the eddy viscosicy codel 

.for all f l o w  CQQditioM. mure 4 shows the correlation of these results 

wetbez vith the correlation equations for the first integtal givea by 

T t u v r o d t  (1955) and by Esaadier am3 Spaldiag (1965) €or tire flat place 

data of u*hardt .9d Tillmum (ID 1400). 

Subatitutim of these correlation equaeolls iato the cauputet program 

l a  plaee af the meal evaluatiou of the integrals indicated thqt the 

sped of canputatlea could be increased by a facror of three but that the 

molutions appeared to be extremely sensitive to m a l l  errors in the 

corrd.aticms. 

As a result of the above a W e s  if is concluded that i f  adequate 

cornletbas of the diesipetion integrals were available and t5e implicit  

integratiorr scheme were e - b y e d  a reduetian of cacpter t3me of approxhately 

an order of magnitude bslow those presented irr tab& 1 for explicit integra- 

tion cadd be obtainad with the presem method. 

DISc1ISSION OF FXSULTS 

Gemeral 

?he primary result8 presuted in  tbis paper are comparison6 o f  pradit:ed 

r a d  erparimental aLwci of rkio friction coefficient, and htegral thickness 

parameter8 for ra teen  diffumt turbulent b a u d r y  layer flows. The 
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experimental flows considered art: Listed iii table  1 by 1Geatificatio.i nuz‘cer 

and the uame(6) of the investifiator(s). Horc detailed results for  rcpresexxa- 

t i w e  fLw conditions together with an assessanent of the adequacy of the 

present metbad are copsidered bslov. 

Experimental Data 

An emmhatiom of the data studied herein ruggesc-s a division into txw 

d i s t i n c t  categeries. 

lntegrate?, -ional tao~eintum integral equation which yiar be written as: 

This d i a i a n  is ksed on satisfaction of the streaizwise 

Values of 8 and H (deterpined by integrattng the  m r h e n t a l  velocity profi les)  

a d  Cf (deterpmed by matching experimental velocity profiles and l a w  of t%e 

w a l l  profilas) obtained at  successive sumey stations msy be introduced 

frop xo to any dounstream station x. Just such an analpsis MS carried OO’L 

-by K l h e  et al (1968) f o r  all of the sets of data studied herein. It was 

fomd tha t - for  s~lpe flows, the left and r igh t  band sides of equat3.on (11) 

dgverged at ools streJnTi6e station. 

vere divided Into the  tu0 categories presented In table 2. 

contains a U  of thoee flovs, o r  portions of flavc, which reasonably satisfy 

equation (11) pad the  ee@ category contains those flows, or porrions of 

Based on the  above d&cus6hn, the btsr 

The P i r s t  category 

flotm, vhieh do not s a t i s f y  equation (U). A detailed discussicn of flows in 

fbh second cotegory will not be given since any flows satisfyiug equations (1) 

.ad (2) must neceeuatily eatfsfy (11) Bovever, waparfsons of thoee data with 
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the present aethod w i l l  be prcst?:tted fo r  cxnpleteness. 

Camparison of Prdicted and Experimental X e s u l t s  

The caparisons of predict& and atperimental v..lues of Ea Cf and 

are given ia the figures shsving the collected caaparisoas. For those 

flm satisfy- the ~ o s e a t . ~  i a t eg ra l  balancea the predfctioas of H, Cfa zEd 

Re are in good Wreement *tb the data except for the flows vitb a large 8 

wake CQOpOaeat. 

F-e 5 dmus a of experimental and predic:&' veiocity profiles 

at four eta:dons of the Schubauer and Xlebaaoff flow (3 2100). 

men, good agreemeat bemmen experheat a d  prediction is obtained everwhere 

acept at the 22 foot station vhere the bouadary layer has kea subjectec t o  

2 s  cap ba 

an &r8e pre6srae gradient over the precedfng five feet. 

S i m i l a r  agreement at the initial stations and subsequeat degradation 

of accur3cy is shovn in f m e s  6, 7, and 8 for the flovs of Ludvfeg and 

This lack of agreement gave rise to an investigation into the character of ths 

velocity prof i les  which could be described by Zhe m e n d y  -ploy& veloc:;:* 

W d - t  profile, t. 
Io an e f f o r t  to determine the flexibility of the  presently enployed 

p.rofile, a fiw representazive of rhcse having large wake co?potents, Le., 

Qaturer ( I D  2300) &as m e d .  

VOI r8plotu.d en Law of the w a l l  coordinares in figure 9. 

tha representation of the k i t L , l p r o f i l e  could be forced to agrea with the 

data in the vake region, figure 9a, or b the  w a l l  region figure 9b, but not 

The velocity pro f i l e  at the i n i t i a l  statioc 

It was found t b t  



&prrrr r I r *  
in both regions. Therefore, I t  1.s concludcd t h a t  the,plynomial 

representation of the velocity prof i le  is inadequate t o  represent velocity 

prof i les  with large wake cmponenzs. 

In contrast  t o  the  above, flows vf th  noderate wake c m p a e n t s ,  e.g. Clauser 

(ID 2200), can be described reasonably w e l l  with the present formulation. 

- ihis conclusion is substantiated by the results presented in figure 10. 

For those flaws where the  ncmentuia integ.al balance is not s a t i s f i ed ,  

This clouds she cmparfsons of large wake caaponents are usually present. 

predictions with data, since at  the outset ,  equations (1) and (2) are invalid. 

The intent of the present study bas t o  determine the efficiency acd 

accuracy of a generalized mament method in the solution of rhe fncmprrssible 

turbulent boundary layer equations. Relatively large computing ti=- were 

required t o  obtain solutions f o r  t he  flows considered. 

the time constrpping numerical evaluation of the  d5ssipatioi.i in tegra l  and i c s  

tM additional moments. 

the  quored run times can be reduced by approximately 70%. The accuracy of 

the pre-eat formulation of the  generalized moment method is acceptable for 

flows without large wake components. 

the accuracy may be improved by employing more physically realistic velocity 

gradient profiles.  

This vas the  resulz of 

By using an accmate correlation of these in tegra ls  

For flows with large wake cmptats ,  

L t  is believed tha t  despite cer ta in  shortcomings of the present fornula- 

t i an ,  the moment method provides a powerful t oo l  i n  the solution of partial  

d i f f e ren t i a l  equations. 

p ro f i l e  go accoun: fo r  the presence of large wake6 and the  reduction i n  

In addition, b i t h  a modification of the velocity 
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cmputiag time which ha6 been t ~ h i ~ ~  to b e  possible, tne nethod should -rove 

useful both in turbulent boudilry layer research and as a design tool. 

Extension of moment methods, i n  particular, and any computing scheme, in  

general, to separating flows Vi11 require a substantially buc-rer understanding 

of the physical processe, involved. 
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Flgure 9. -  Comparieon of Initial velocity profiles for the present method 
with experimental data from a f l o w  having a large wake component data 
of Chuer (ID em), x = 9.0 feet. 
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Figure 10.- Comparison af present method with flow with a moderate wake 
component data of Clauser (ID 2200) 
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